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Hydrodynamics of a DNA molecule in a flow field
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The hydrodynamics of a single, fluorescing, DNA molecule held at one end by ‘‘optical tweezers’’ and
subjected to a uniform flow are compared with Monte Carlo simulations that account for the molecule’s
entropic elasticity, Brownian motion, and hydrodynamic drag. Using self-diffusion data and analytic expres-
sions to obtain the drag in the limits of the undeformed coil and of the fully stretched thread, the predicted
chain stretching and mass distribution are in quantitative agreement with measurements. The results explain the
success of the nonlinear elastic ‘‘dumbbell’’ model in predicting the rheological properties of dilute polymer
solutions.@S1063-651X~97!00602-8#

PACS number~s!: 87.15.He, 83.10.Nn, 83.20.Di, 83.20.Jp
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The behavior of dilute flexible polymer molecules in flo
remains controversial, despite a long history of experime
and theoretical study. The simplest theory, introduced
Kuhn @1# some 60 years ago, treats the polymer as an ela
‘‘dumbbell’’ in which a ‘‘spring’’ connects two ‘‘beads’’
onto which are lumped the viscous drag forces that in rea
act along the entire chain. Surprisingly, a finitely extensi
dumbbell model is remarkably successful at predicting qu
tatively the steady-state stresses and birefringence in flow
dilute polymer solutions@2#. However, light-scattering ex
periments@3# and more sophisticated theories@4# have called
the predictions of this simple dumbbell model into questio
Which refinements in the simple theory are really neede
still a matter of debate.

Recently we showed that the flow-induced deformation
a single flexible polymer could be directly studied by fluo
rescence microscopy of a DNA molecule tethered at one
to a small~;1 mm! microsphere held by optical tweezers
a uniform-velocity flow @5,6#. We found that plots of the
fractional chain extension versus flow velocityV under flow
scales asVLm with m50.5460.05, for chains of length 20
,L,80 mm, suggesting that there is little or no change
the hydrodynamic interactions even when the DNA m
ecules are nearly fully extended.

In this paper we show using a self-consistent hydro
namic model of DNA with no free parameters that this pu
zling result is due to the limited length of the DNA mo
ecules in the earlier study. Before describing the model,
therefore present additional data on longer chains, up
L'150mm, and find that for 44,L,150mm @7#, the appar-
ent exponent increases to 0.7560.02; see the inset to Fig. 1
This change in power law was anticipated by Marko a
Siggia @8#.

The main body of Fig. 1 plots the measured relative
tensionx/L versus reduced velocityV/D for representative
DNA molecules of contour length 44, 89, and 151mm; x is
the extension of the molecule,V is the velocity, andD is the
measured center-of-mass diffusivity@9#. D is related to the
translational drag coefficient,zcoilkBT, of the undeformed
molecules by the fluctuation-dissipation theorem,zcoil51/D.
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With this scaling, the extension versus length curve show
modest, but distinct, increase in slope forx/L.0.3 as the
chain length increases.

Figure 2 shows the average distribution of DNA mass a
function of distance downstream from the tethering point
various flow velocities for a chain of lengthL567.2 mm.
These data were obtained by measuring the time-avera
fluorescence intensity distribution@6#. Note that the mass is
most concentrated near the free end of the molecule wh
the tension is the least.

According to molecular theory, the steady-state deform
tion of the molecule is governed by the balance of the d
force against the entropic elastic force. The elastic proper
of DNA in an aqueous solution obey thewormlike chain
model; when the force (F) is applied to the free end of th
chain, the equilibrium distance (r ) separating the ends of th
molecule is given by@10#

F~r !A

kBT
5
1

4 S 12
r

L D 22

2
1

4
1
r

L
. ~1!

Bustamanteet al. @10# found that for their unlabeled DNA
molecules, the presistence length isA'0.053mm. Diffusion-
coefficient data of the labeled DNA@9# compared to unla-
beled DNA @11# suggest thatA may be slightly larger be-
cause of dye intercalation. Charges on the DNA molec
might also affectA, but should produce no further compl
cations since for the electrolyte used the Debye length
estimated to be only around 10 nm. Finally, Eq.~1! fails
when the tensionF approaches the value of around 70 p
required to ‘‘overstretch’’ a DNA molecule@12,13#. From
the simulations described below, we find that at the tether
point the tension reaches its maximum value of 5 pN, at
highest reduced velocityV/D of 500mm21. Thus along the
entire contour of the DNA molecule the tension is we
within the range for which Eq.~1! applies.

In the dumbbell model, the drag forces are lumped o
the ‘‘beads’’ at the two free ends of the molecule. For t
tethered chain, there is only one free end at which to ap
the drag force; thus the appropriate simple model is a ‘‘h
1794 © 1997 The American Physical Society
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55 1795HYDRODYNAMICS OF A DNA MOLECULE IN A FLOW FIELD
dumbbell,’’ with the spring force given by Eq.~1!. This
model gives the prediction shown by the dotted line in Fig
Clearly, the curve of deformation versus velocity is e
tremely well matched by the dumbbell model, although
quantitative fit requires setting the drag coefficient of t
‘‘bead’’ on the half dumbbell equal to 0.73 times the me
sured drag coefficientzcoilkBT51/D of the undeformed coil.
This 27% reduction can be understood qualitatively by n
ing that a smaller drag force applied entirely at the chain
can produce the same degree of stretching as a larger
that is distributed along the entire contour of the chain.

To understand why such a naive model works so well,
consider a more complete model in which the drag force
distributed nearly continuously along the chain contour, a
increases in magnitude as the chain is deformed. We u
‘‘coarse grained’’ representation in which the drag force
distributed onto a sequence of beads connected togethe
short submolecules. The fully extended length of each s
molecule isl5L/N, whereN is the number of beads. Esse
tially identical results are obtained forN540 or 80@7#. The
elastic ‘‘spring’’ forceF i

s for each submolecule is obtaine
from Eq. ~1! by replacingL with the length of the submol
eculel :

Fi
sAeff

kBT
5
1

4 S 12
r i
l D

22

2
1

4
1
r i
l
, ~2!

FIG. 1. The inset shows the shift factorl by which the velocity
V must be multiplied to superpose curves of fractional chain ex
sion versusV for various DNA chain lengthsL. Data for the ranges
L>40 mm ~.,h,n,s! and L<80 mm are fitted separately by
l}Lm, yieldingm50.75 for the former range andm50.54 for the
latter. The main plot contains the ‘‘best representative’’ data s
corresponding to the three open symbols~h,n,s! closest to the
solid line in the inset;D is the diffusivity. The dotted line is the
prediction of the ‘‘half-dumbbell model,’’ i.e., it is the force
extension curve for the wormlike chain with a reduced forceF/kBT
equal to 0.73zcoilV applied to the chain end. The solid lines are t
predictions of the simulation for values of the hydrodynamic int
action parameterh51.3 and 4.0, corresponding tozrod/zcoil51.7 and
2.6, respectively, for chain lengths of 44 and 151mm. The dashed
line is the prediction for a hypothetical molecule withh50; i.e.,
zrod/zcoil51, and no change in hydrodynamic drag due to molecu
stretching.
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where r i is the separation distance between beadi21 and
bead i . The introduction of beads into the wormlike cha
slightly increases its flexibility, because the beads act l
free hinges which do not transmit a bending moment. T
effect is small because the chain’s persistence length is s
compared to the spacing of the beads along the contou
the chain, and can be canceled out merely by modestly
creasing the persistence lengthAeff of the subchain. By ap-
plying in the simulations a fixed force to the end of the cha
and computing the resulting average chain extension,
known elastic properties of DNA of length 67mm, for ex-
ample, are reproduced by the model with 40 beads w
Aeff50.061mm @7#.

To account for variations in the hydrodynamic drag co
ficients that occur when the macromolecule is stretched

-

ts

-

r FIG. 2. Computed distribution of bead mass as a function
position downstream of the tether point forN580 andL567.2mm
at the values ofV shown~lines!, compared to the measured distr
bution of DNA mass forL567.2mm ~symbols!, replotted from Ref.
@6#. The value of the parameterzcoil54.8 sec~mm!22 is obtained
from the diffusivity measurements of Smith, Perkins, and Chu@9#,
andh51.5 is chosen so that the ratiozrod/zcoil51.9 agrees with the
theoretical estimates from Eqs.~5! and~6!. The simulated distribu-
tions were obtained by counting repeatedly~;105 times! the num-
ber of beads in bins of width 0.5mm, and averaging together th
results. A small binning artifact produces the oscillations at largV
and small positions.
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in the flow, we use the average separations between bea
compute the effective hydrodynamic interactions betwe
them. The average distance downstream of the tether poi
beadi , ^xi&, and corresponding drag coefficientzi are then
calculated self-consistently. Fluctuations in hydrodynam
interactions are neglected.

Using the Oseen theory to describe the hydrodynamic
teractions between each pair of beads@14#, the drag force on
beadi is given by

Fi
d5VzkT2

h

N (
jÞ i

V i j F j
d , ~3!

whereV is the flow velocity,z is the ‘‘bare’’ drag coefficient
for a single bead without hydrodynamic interactions w
other beads, andVi j is the Oseen coefficient that accoun
for the hydrodynamic interaction between beadsi and j ; it
depends inversely on the average separation between bei
and j . To keepVi j from diverging, we introduce a cutof
lengthR, whereR[A2AL is roughly the root-mean-squar
separation of the chain ends at zero flow:

V i j[ H1, u^xi&2^xj&u<R
R/u^xi&2^xj&u, u^xi&2^xj&u>R. ~4!

Variations in drag begin to occur when the average exten
of the molecule exceedsR. The effects of varying this cutof
length over the rangeR/2 to 2R were investigated and foun
to be smaller than experimental error. The coefficienth in
Eq. ~3! is a dimensionless prefactor that sets the scale of
changes in hydrodynamic drag that occur as the chai
extended. It can be obtained from the ratio of the drag co
ficient for the fully extended moleculezrodkBT to that of the
undistorted coilzcoilkBT. These drag coefficients are@15#

zcoilkBT5
3

8
~6p3!1/2hsR55.11Rhs5

kBT

D
~5!

and

z rodkBT5
2pLhs

ln~L/d!
5
6.28Lhs

ln~L/d!
, ~6!

whered'2 nm is the diameter of a DNA molecule@11,16#.
Using the measured dependence ofD51/zcoil on L for

DNA molecules with lengths in the rangeL522–140mm,
and Eq.~6!, one finds thatzrod/zcoil is surprisingly small; it
increases from 1.7 to 2.6 asL increases from 22 to 151mm.
The main reason for this small ratio is the presence of
logarithmic dividing factor, ln(L/d)59–11 in Eq.~6!, which
is rather large because of DNA’s enormous aspect ratioL/d
510 000–75 000@17#. The parametersz andh in Eq. ~3! can
be obtained by requiring that the predicted drag coeffici
for the whole chain,~(iF i

d!/V, be equal tozcoilkBT for the
undeformed chain, and be equal tozrodkBT for the com-
pletely extended chain. We find that an increase inzrod/zcoil
from 1.7 to 2.6 corresponds to an increase inh from 1.3 to
4.0.

For each bead in a uniform flow, the sum of the spri
and the drag forces can be expressed as the gradient
bead potential W1 :
to
n
of

c

-

ds

n
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Fi5Fi
s1Fi11

s 1Fi
d5“ iWi , ~7!

whereF i
s is the spring force acting between beadi and bead

i21, and

Wi

kBT
[

l

A (
j50

j51 H 14 S 12
r i1 j

l D 21

2
1

4 S r i1 j

l D1
1

2 S r i1 j

l D 2J
2xiz iV, ~8!

where zi[F i
d/(VkBT) is an effective drag coefficient tha

accounts for hydrodynamic interactions among the bead
With this potential, steady-state configuration distrib

tions incorporating Brownian motion are calculated using
standard Metropolis Monte Carlo scheme, and accurate
erages are obtained using about 1043N3 moves per run. The
model calculations involveno adjustable parameters.

The solid lines in Fig. 1 show the predicted extension
44- and 151-mm-long DNA molecules, corresponding t
zrod/zcoil51.7 and 2.6. These calculations are nearly in agr
ment with the DNA data and with the dumbbell model.

The comparison in Fig. 1 reveals why the dumbbell mo
works so well. Consider the dumbbell model as the ze
order description. The first correction is to distribute the dr
along the length of the polymer, which gives thezrod/zcoil51
curve in Fig. 1; this ‘‘improvement’’ in the theory leads to
deviation from the data. A second correction is to include
dependence of the drag coefficient on the extension;
gives the curves forzrod/zcoil51.7 and 2.6, which restore
agreement with the data, and with the simple dumbb
model. Thus, by neglecting both the distribution of dr
along the chain and the deformation dependence of the
coefficient, the dumbbell model makes two errors th
largely cancel each other out, at least for the molecu
lengths considered here. A similar fortuitous cancellation
errors can be expected for typical synthetic polymers~such
as polystyrene! of roughly 105–106 Daltons.

The lines in Fig. 2 show the computed average distrib
tion of bead mass versus distance downstream from the
ering point for L567.2 mm. The appropriate value o
zrod/zcoil for this chain length is around 1.9. The agreeme
between experimental and simulated mass density is ge
ally very good@18#.

In summary, then, the surprising accuracy of the dumbb
model in describing the shape of the steady-state veloc
extension curve is due in part to a cancellation of effects:
distribution of drag forces along the chain modestly redu
the slope of fractional extension versus velocity, while t
increase in effective drag coefficient with chain extens
modestly steepens it. For DNA molecules ofL'40–150mm,
these two effects largely cancel out, and the steepness o
velocity-extension curve is close to that of a simple nonlin
dumbbell with no deformation dependence of the drag co
ficient. The accuracy of the dumbbell model is enhanced
the mass distribution, with its high concentration of mon
mer, and hence of drag force, near the chain end@19#. Thus
experimental studies of the hydrodynamics of single DN
molecules in a simple flow conform to the classical pictu
of the dynamics and rheology of flexible polymer molecule
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in which three forces—the elastic spring force, hydrod
namic drag with a nearly constant drag coefficient, and
Brownian force—provide a complete physical model, at le
at steady state. These results help explain the success o
i.
d

,
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c

.

-
e
t
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dumbbell model in predicting rheological data of dilute s
lutions of flexible polymers, and suggest that the inclusion
any ‘‘new’’ physics into the theory of the dilute-solutio
flow behavior of polymer molecules is unwarranted.
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